Published by Institute of Physics Publishing for SISSA/ISAS Received: November 7, 2003 Accepted: January 5, 2004

Stringy profiles of gauge field tadpoles near orbifold singularities 1. Heterotic string calculations

Stefan Groot Nibbelink

William I. Fine Theoretical Physics Institute, School of Physics & Astronomy University of Minnesota, 116 Church Street S.E., Minneapolis, MN 55455, U.S.A. E-mail: nibbelin@hep.umn.edu

Mark Laidlaw

Perimeter Institute for Theoretical Physics 35 King Street North, Waterloo, Ontario N2J 2W9, Canada E-mail: mlaidlaw@perimeterinstitute.ca

Abstract: Closed string theories on orbifolds contain both untwisted and twisted states. The latter are normally assumed to live exactly at the orbifold fixed points. We perform a calculation of a gauge field tadpole amplitude and show that off-shell both the twisted and untwisted states give rise to non-trivial momentum profiles over the orbifold C^3 /Z_3. These profiles take the form of gaussian distributions integrated over the fundamental domain of the modular parameter of the torus. The propagators of the internal coordinate fields on the torus world sheet determine the width of the gaussian profiles. These propagators are determined up to a single normal ordering constant which must be bounded below to allow the existence of the coordinate space representation of these profiles. Apart from the expected massless states, massive and even tachyonic string excitations contribute to the profiles in some anomalous U(1) models. However, when the tadpole is integrated over the internal dimensions, these tachyonic contributions cancel in a non-trivial manner.

Keywords: Field Theories in Higher Dimensions, Superstrings and Heterotic Strings, Superstring Vacua, String Field Theory.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep012004004 /jhep012004004 .pdf

Contents

1. Introduction 1

2. Heterotic string on C^3 /Z_3 3

3. String calculation of tadpoles of internal gauge fields 6

4. The twisted propagator 9

5. Model specific analysis 11

6. Conclusions 14

A. World sheet torus theories 15 A.1 Complex fermion 16 A.2 Complex boson 17

B. Theta functions 18

1. Introduction

In this series of two papers we investigate some local properties of string theory on orbifold singularities and their interpretation in field theory. Due to pioneering investigations [1, 2, 3] of strings on orbifolds, it is commonly accepted that strings can propagate without difficulty on a target space containing orbifold singularities. This has been confirmed by many investigations of zero mode properties of various types of string theories on different orbifold backgrounds. Field theories on orbifolds always seem to require more care, particularly when gravitational effects are involved. Close to the orbifold singularity, strong curvature effects can become important and can lead to a breakdown of effective field theory methods. We therefore expect that studying strings in the background of an orbifold singularity might teach us something about how we should treat those singularities in field theory.

For both field and string theoretical reasons we employ gauge field tadpoles as local probes of orbifold singularities in these two papers. Field theory arguments suggested that a one-loop Fayet-Iliopoulos D-term tadpole [4, 5] would be generated in heterotic string models with an anomalous U(1) [6]. This was soon confirmed by direct string calculations [7, 8]. (A similar investigation has been performed for orbifolded type-I string theories [9].) It was recently realized that in five dimensional field theory models on S^1/Z_2 [10]–[14], higher dimensional field theory models [15, 16], as well as in heterotic string inspired models [17] that these tadpoles are generated locally at orbifold fixed points. By supersymmetry these D-term tadpoles are accompanied by tadpoles for the internal U(1) gauge field strength at

– 1 – those singularities. (In the case of five dimensional models this reduces to a tadpole for the derivative of the real scalar contained in the vector multiplet.) In this paper we propose to verify the existence of these gauge field tadpoles in string theory, and to investigate their properties.

In field theory it has been shown that these gauge tadpoles can lead to (strong) localization effects over the extra dimensions [13, 14, 18, 19], which can be important for phenomenological applications of higher dimensional models. The physical interpretation of these field theory models is rather involved, since these tadpoles are proportional to (derivatives of) delta functions at the fixed points. The energies needed to resolve such singularities are much higher than the assumed validity of the effective field theory. However, as string theory is assumed to be a complete theory, it should solve this problem by introducing some sort of ultra-violet cut-off. In addition, the tadpole contributions due to bulk and fixed point fields seem quite different in (string-inspired) field theory: The former have profiles depending on the internal momenta, and therefore extend into the extra dimensions, while the latter are assumed to be confined exactly at the orbifold singularities. As the corresponding untwisted and twisted states in string theory are related to each other by modular transformations, it is interesting to see to what extent these differences persist.

We have decided to divide the presentation of our results into two separate publications. This paper focuses on the details of the string calculation that establishes that the gauge field tadpole discussed in [17] also arises in string theory. As the physical interpretations of these results are of interest to a wider audience of both string and field theorists, we postpone our detailed comparison between the string and field theory results to the accompanying paper [20].

We have restricted ourselves to the well-studied heterotic E_8 × E_8^′ string on the noncompact six dimensional orbifold C^3 /Z_3. This choice is motivated by a number of factors: It is well-know that string models with an anomalous U(1) in their zero mode spectrum exist on Z_3 orbifolds [21]. As discussed above, on field theoretical grounds we would expect that tadpoles for internal gauge fields are also generated within the string setting. By considering this simple non-compact orbifold we avoid the additional complications of winding modes and Wilson lines. A compact orbifold would introduce at least one more scale (its volume) and this would make it more difficult to trace how string theory introduces a regularization of the delta-like singularities. We are also motivated to use the heterotic string in light of some recent interest in its compactifications. The authors of [22] find that it is possible to stabilize moduli of compactifications on Calabi-Yau threefolds. Many six dimensional orbifolds are singular limits of Calabi-Yau spaces, and so these spaces can be thought of as providing a regularization of the orbifold singularity.

The tadpole profile over the orbifold will suggest that the parallels between string and field theory can even be extended to off-shell amplitudes. Strictly speaking string amplitudes are only defined on-shell, but as off-shell amplitudes in field theory contain a wealth of extra information, many authors have pursued the development of off-shell string theory [23]–[29]. This progress was partly stimulated by applying stringy techniques in field theory calculations [30, 31]. Moreover, to understand the dynamics of tachyons in unstable brane configurations, an off-shell description is essential [32, 33]. (Tachyons may

– 2 – also arise in closed string theory [34].) Off-shell amplitudes become dependent on normal ordering constants. These constants can be interpreted as coefficients of conformal maps of the worldsheet torus to itself [30, 35]. From the very outset our investigation had a different objective than those works: They aim to describe the string (zero) modes off-shell, while we are interested in the momentum dependence in the extra dimensions. For a tadpole on an Z_3 orbifold, no four dimensional momenta can flow in or out, therefore probing this dependence necessarily requires going off-shell.

This paper is organized as follows: In section 2 we define our notation for the heterotic string on the non-compact orbifold C^3 /Z_3. In section 3 we give the string calculation of the gauge tadpole at one-loop in string perturbation theory. This calculation identifies the twisted propagators as the characteristic widths of the (off-shell) momentum profiles for the various states on the orbifold. The twisted propagators are determined up to a single normal ordering constant in section 4. The properties of the twisted propagators lead to a natural classification of inequivalent sectors which give different contribution to the profiles of the local gauge field tadpoles. In section 5 we investigate the various orbifold models to determine what type of states (tachyonic, massless or massive) contribute to these tadpoles within those sectors. Our conclusions are summarized in section 6. In appendix A several useful properties of fermionic and bosonic world sheet theories are reviewed, and appendix B gives a brief overview of our conventions for the elliptic functions that we use throughout the paper.

2. Heterotic string on C^3 /Z_3 In section 3 we will perform a one-loop calculation in heterotic string theory of gauge field tadpoles on the orbifold C^3 /Z_3; here we present the framework for that computation. We consider the world sheet torus parameterized by the complex coordinate σ with Teichmüller parameter τ; the torus periodicities are defined as σ ∼ σ + 1 and σ ∼ σ + τ. On this world sheet torus the conformal field theories live in the heterotic string. We describe them in light-cone gauge: X^M (σ), M = 2, . . . 9 are the coordinate fields and ψ^M (σ) their rightmoving fermionic partners. The part of the theory encoding the gauge structure is described by the left-moving fermions λ^{2I}_a (σ), λ^{2I+1}_a (σ). For the E_8 × E_8^′ theory there are two sets, labeled by a = 1, 2, of I = 1, . . . 8 fermions. (The SO(32) string contains I = 1, . . . 16 fermions and a = 1. As most of our description applies to both theories, we can use both indices I and a to describe the SO(32) and E_8 × E_8^′ theory simultaneously.) For strings on the orbifold C^3 /Z_3 it is convenient to define complex combinations of these fields

X_i = 1 √ 2 (X_{2i+2} + iX_{2i+3}) , ψ_i = 1 √ 2 (ψ_{2i+2} + iψ_{2i+3}) , λ^I_a = 1 √ 2 (λ^{2I}_a + iλ^{2I+1}_a ) (2.1) and their complex conjugates for i = 0, . . . 3 in light-cone gauge. The boundary conditions of these fields on the world sheet torus are given by X_i(σ + 1) = e^{−2πi pϕi} X_i(σ) , X_i(σ + τ) = e^{+2πi p′ϕi} X_i(σ), ψ_i(σ + 1) = e^{−2πi(pϕi+s/2)}ψ_i(σ), ψ_i(σ + τ) = e^{+2πi(p′ϕi+s′/2)}ψ_i(σ) , λ^I_a(σ + 1) = e^{−2πi(pvIa+ta/2)}λ^I_a(σ) , λ^I_a(σ + τ) = e^{+2πi(p′vIa+t′a/2)}λ^I_a(σ) , (2.2)

– 3 – where p, p^′ = 0, 1, 2 label the different orbifold boundary conditions, and s, s^′, t_a, t^′_a = 0, 1 define the different spin structures for ψ_i and λ^I_a, respectively. The boundary conditions (2.2) are fully specified by giving the spacetime and gauge shifts ϕ_i and v^I_a, respectively. For the orbifold C^3 /Z_3 we have the requirements [1, 2]

3ϕ_i = 0 mod 1 , 3 2 ∑ i ϕ_i = 0 mod 1 , 3v^I_a = 0 mod 1 , 3 2 ∑ a,I v^I_a = 0 mod 1 .

(2.3) Since we do not orbifold the four dimensional spacetime, we take ϕ_0 = 0. By integral shifts and Weyl reflections, we can always bring ϕ to the form ϕ = (0, 1, 1, -2)/3, so that ∑ i ϕ_i = 0.

Similarly, we will assume that gauge shifts have been taken such that ∑ a,I v^I_a = 0. These constraints on the spacetime and gauge shifts complete the definition of the different world sheet theories of the orbifold model.

Each different boundary condition, encoded by p, p^′, s, s^′, t_a, t^′_a, defines a different world sheet theory. The full string theory is obtained by combining all these possible boundary conditions. The choices of relative phases between the sectors define GSO projections [36], for the orbifold and three different spin structures [37]. One defines the full string partition function as the sum Z = ∑ p,p^′,t_a,t^′_a Z^{p,p′}_{ta,t′a} , Z^{p,p′}_{ta,t′a} = ∑ s,s^′ η̃^{p,p′, s,s′} t_b,t^′_b Z p,p^′,s,s^′ t_a,t^′_a , (2.4)

Z^{p,p′,s,s′} t_a,t^′_a = μ0 e −2πi ∑ a,I v^I_a p^{t′a}_2 3∏ i=0 Z_X [_{p ϕi} p^′ϕ_i ] (μ_i|τ) Z_ψ [_{p ϕi+ s} 2 p^′ϕ_i+^{s′}_2 ] (μ_i|τ) ∏ a,I Z_λ [_{p vIa+ ta} 2 p^′v^I_a+^{t′a}_2 ] (ν^I_a |τ)

over the partition functions of the individual sectors. These partition functions are given by

Z_X [_α β ] (μ|τ) = | |η(τ) | |^2 | |ϑ [_1 2 −α 1 2 −β ] (μ|τ) | |^2 , Z_ψ [_α β ] (μ̄|τ̄) = ϑ [_1 2 −α 1 2 −β ] (μ|τ) η(τ) ,

Z_λ [_α β ] (ν|τ) = ϑ [_1 2 −α 1 2 −β ] (ν|τ) η(τ) , (2.5)

where we have introduced the complex sources μ_i, ν^I_a for later convenience. We have collected many useful details of these twisted world sheet theories in appendix A. Defining the partition function as the limit of μ, ν → 0 avoids having to treat the case α = β = 0 separately, provided that the total partition function is multiplied by μ_0. These partition functions have been computed in (A.14) and (A.7). (Since the fields ψ_i are right-movers we use the complex conjugate of the left-moving result.) The phase factor in (2.4) have been introduced to ensure that the individual partition functions Z^{p,p′,s,s′}_{ta,t′a} are functions of the equivalence classes of p ∼ p + 3 and s ∼ s + 2, t_a ∼ t_a + 2 [38, 39, 40].

We impose the standard GSO projections for the right-moving fermions ψ and the left-moving fermions λ_a. In addition, we enforce a generalized projection required by the

– 4 – orbifold boundary conditions. The compatibility of these projections is encoded in the factorization of the phases as η^{p,p′, s,s′} t_a,t^′_a = η s,s^′η̃p,p^′ t_a,t^′_a , η s,s^′ = exp{−πi ss′},

η^{p,p′}_{ta,t′a} = exp 2πi 1 2 ∑ i (ϕ_i)^2 − ∑ a,I (v^I_a)^2 pp^′ . (2.6)

These phases are consequences of modular invariance, as been investigated by various groups [41, 42, 43, 39, 38, 44, 40]. In our case we find that invariance under τ → τ + 1 and τ → −1/τ leads to the relations between the phases

η̃^{p,p′+p, s,s′+s} t_a,t^′_a+t_a = e 2πi {_∑ a,I v^I_ap^{ta}_2 } e^{2πi} {_1 2 ∑ i (_{pϕi+ s} 2 )_{2− 1} 2 ∑ a,I (_{pvI} a+^{ta}_2

)_2} η^{p,p′, s,s′} t_a,t^′_a , η̃-^{p′,p,} -^{s′,s} -t^′_a,ta = e 2πi {_{− ∑} a,I v^I_a (_{p t′a} 2 +p^{′ ta}_2 )} × ×e^{2πi} {_∑ i (_1

2 +pϕ_i+^s_2 )(_1 2 −p^′ϕ_i−^{s′}_2 )_{−∑} a,I (_1

2 +pv^I_a+^{ta}_2 )(_1 2 −p^′v^I_a−^{t′a}_2 )} η^{p,p′, s,s′} t_a,t^′_a , (2.7)

respectively. The first terms in these exponents arise because of the phase in the partition functions (2.4). Consistency of the solution (2.6) is ensured by requiring that the following conditions on the spacetime and gauge shifts are fulfilled 1 2 ∑ a,I v^I_a − 1 2 ∑ i ϕ_i = 0 mod 1 , 3 2 ∑ a,I (v^I_a)^2 − 3 2 ∑ i (ϕ_i)^2 = 0 mod 1 . (2.8)

The second condition follows upon requiring modular invariance under the transformation τ → τ + 3 in the sector s = t_a = 0, see [45, 46].

The sum over the spin structures s, s^′ can be removed by applying the Riemann’s identity (B.8), and we find

Z^{p,p′}_{ta,t′a} (μ, ν|τ) = η̃^{p,p′}_{ta,t′a} 2μ_0 η(τ)^{12} ∏ a,I ϑ [_1 2 −p v^I_a−^{ta}_2 1 2 −p^′v^I_a−^{t′a}_2 ] (ν^I_a |τ) 3∏ i=0 ϑ [_1 2 −p ϕ_i 1 2 −p^′ϕ_i ] (-μ̃_i|τ) | |ϑ [_1 2 −p ϕ_i 1 2 −p^′ϕ_i ] ( μ_i|τ) | |^2

, (2.9)

with the definition μ̃_i = −μ_i + 1 2 ∑ j μ_j . (2.10)

Notice that in the limit of μ_i → 0 the partition function becomes a holomorphic function of τ. (In fact — as is well-known — the whole partition function is zero in this limit, and this is the reason that we have introduced the μ_0.) In this limit the expression for the partition function simplifies to

Z^{p,p′}_{ta,t′a} (ν|τ) = −1 2π η̃^{p,p′}_{ta,t′a} 1 η(τ)^{15} ∏ a,I ϑ [_1 2 −p v^I_a−^{ta}_2 1 2 −p^′v^I_a−^{t′a}_2 ] (ν|τ) (_3 ∏ i=1 ϑ [_1 2 −p ϕ_i 1 2 −p^′ϕ_i ] (0|τ) )_{−1} . (2.11)

– 5 –

3. String calculation of tadpoles of internal gauge fields

We investigate the local tadpole structure of Cartan gauge fields with internal spacetime indices by calculating the expectation values of the normal ordered vertex operators

V^{bJ}_j = : ( ¯∂X_j + i k_M ψ^M ψ_j) λ̄^J_b λ^J_b e^{ikM XM} : (3.1)

at the one loop (torus) order. The vertex operators V^{bJ}_j are defined as V^{bJ}_j with the replacement j → j. As the expectation values of these vertex operators are closely related, we focus on one of them only, and make their relation explicit at the point where this is most convenient. No sum over b or J is implied in (3.1), and the combination of gauge indexed fermions λ̄^J_b λ^J_b has been chosen so that the vertex operator is in the Cartan subalgebra of the gauge group. We calculate the expectation value of the vertex operator as a weighted average with respect to the partition functions (2.4). We find that ⟨V^{bJ}_j (k)⟩ = ik_j δ^4(k_4) (2π)^4

⟨G^{bJ}_j (k_6)⟩ ⟨G^{bJ}_j (k_6)⟩ = ∑ Z^{p,p′,s,s′} t_a,t^′_a ⟨G bJ j (k_6)⟩^{p,p′,s,s′} t_a,t^′_a , (3.2)

where the sub- and superscripts on the expectation values denote that they are evaluated within the corresponding set of boundary conditions. The subscripts on k_4 and k_6 indicate that these momentum vectors lie in the four dimensional Minkowski or the six dimensional internal space, respectively, and k = (k_4, k_6). The brackets ⟨⟩ without subscripts refer to the sum of expectation values in the different sectors weighted by the corresponding partition functions. The four dimensional delta function results from the zero mode integral of exp(ik_μX^μ) and imposes four dimensional momentum conservation.

The dependence on the bosonic fields X_i is defined by a point splitting regularization in the following manner: We consider exponentials ¯∂X_j exp(ik_j X_j +ik_j X_j ), ¯∂X_j exp(ik_j X_j + ik_j X_j) and exp(ik_j X_j + ik_j X_j ) with the bosonic fields X_j(σ) and X_j (σ^′) evaluated at different points σ ≠ σ^′ on the torus world sheet. Next we use (A.16) to express the expectation values of the exponentials in terms of bosonic propagators defined in (A.15), and finally, we take the limit of zero separation. (One of the two derivatives comes with an opposite sign, as it is a derivative with respect to the second argument of Δ̃_X .) In this way we find that in a particular sector ⟨G^{bJ}_j ⟩^{p,p′,s,s′} t_a,t^′_a = ( − ¯∂Δ_X [_{p ϕj} p^′ϕ_j ] + Δ_ψ [_{p ϕj + s} 2 p^′ϕ_j +^{s′}_2 ]) Δ_λ [ p v^J_b +^{tb}_2

p^′v^b_J +^{t′b}_2

]_3 ∏ i=1 e^{−kiki ΔX} [_{p ϕi} p′ϕi ] . (3.3)

This is expressed in terms of the normal ordered propagators Δ_X , Δ_λ and Δ_ψ at zero world-sheet separation. The fermionic propagators Δ_λ and Δ_ψ are defined by a similar point splitting regularization, and given by (A.10) and its complex conjugate.

We use conformal normal ordering to remove any singularities that may arise in this limit, and this introduces normal ordering constants for the correlator of the bosonic fields. On-shell amplitudes do not depend on these arbitrary constants. Also in the present case we see, that for the on-shell tadpole (k_i = 0) the possible normal ordering constants drop out. However, as we are interested in the off-shell properties of the tadpole, we expect to find some dependence on these constants. We return to this point at the end of section 4.

– 6 –

Taking the limit of zero separation on the equation

¯∂Δ̃_X [_{p ϕi} p^′ϕ_i ] = Δ̃_ψ [_{p ϕi} p^′ϕ_i ] , (3.4)

which can be deduced from (A.8) and (A.15), we re-express (3.3) as ⟨G^{bJ}_j ⟩^{p,p′,s,s′} t_a,t^′_a = ( −Δ_ψ [_{p ϕj} p^′ϕ_j ] + Δ_ψ [_{p ϕj + s} 2 p^′ϕ_j +^{s′}_2 ]) Δ_λ [ p v^J_b +^{tb}_2

p^′v^b_J +^{t′b}_2

]_3 ∏ i=1 e^{−kiki ΔX} [_{p ϕi} p′ϕi ] . (3.5)

Inserting the expressions for the normal ordered fermionic correlators (A.10) for Δ_λ and the complex conjugate for Δ_ψ and combining this with the character valued partition function (2.9), we find that ⟨G^{bJ}_j ⟩ = ∑ p,p^′,t_a,t^′_a ∂ ∂ν^J_b ∂ ∂μ̄_j Z^{p,p′}_{ta,t′a} (μ, ν) 3∏ i=1 e^{−k̄iki ΔX} [_{p ϕi} p′ϕi ]| | |_{μ=ν=0} . (3.6)

To write this we have used that the differentiation with respect to μ̄_j of the partition function Z^{p,p′}_{tb,t′b} precisely gives the Δ_{ψj} correlators (with and without the spin structures) of (3.5). To evaluate the derivative with respect to μ̄_j in the limit of μ → 0, we only need to consider the anti-holomorphic part of (2.9), hence we obtain

μ̄_0 ∂ ∂μ̄_j Z^{p,p′}_{ta,t′a} (μ, ν|τ, τ̄ ) | | | μ=0 = 1 2 Z^{p,p′}_{ta,t′a} (ν|τ) , (3.7) where the holomorphic partition function Z^{p,p′}_{ta,t′a} (ν|τ) is given in (2.11).The rescaling with μ̄_0 is required, otherwise the result diverges in the limit μ → 0. The local gauge field tadpole then becomes a function of the holomorphic partition function only, and hence only depends on the N = 1 multiplets rather than their individual bosonic and fermionic constituents. This is a general feature of the application of the Riemann’s identity (B.8) within string theory. Another way to express this is to say that the sum over the spin structures s gives the sum over space-time bosons and fermions, and thus we have a contribution from both bosons and fermions in what may be thought of as a field theory one-loop diagram.

The expectation values (3.2) of the vertex operators V^{bJ}_j and V^{bJ}_j can be written as ⟨V^{bJ}_j (k)⟩ = ik_j δ^4(k_4) (2π)^4 ⟨G^{bJ} (k_6)⟩ , ⟨V^{bJ}_j (k)⟩ = −ik_j δ^4(k_4) (2π)^4

⟨G^{bJ} (k_6)⟩ . (3.8)

Using (3.7), the functions G^{bJ} do not depend on the internal spacetime indices j, j. Moreover, the sign of the expectation values of V^{bJ}_j and V^{bJ}_j are opposite for two reasons: Since ψ_j and ψ_j are fermions, interchanging their order in (3.1) gives a relative minus sign. Secondly, taking derivatives with respect l and l̄ of equation (A.16) gives the expectation values of ¯∂X_j exp(ik_iX_i + ik_iX_i) and ¯∂X_j exp(ik_iX_i + ik_iX_i) with a relative sign again.

We can Fourier transform G^{bJ} (k_6) over the orbifolded dimensions to obtain G^{bJ} (z) and integrate the result over the fundamental domain F of the modular parameter τ, defining

G^{bJ} (z) = ∫ F d^2τ τ^2_2 G^{bJ} (z|τ) . (3.9)

– 7 –

These considerations imply that the corresponding effective field theory interaction is given by

S_{F I} = ∫ d^{10}x ∑ j,b,J ( ∂_j A^{bJ}_j − ∂_jA^{bJ}_j ) G^{bJ} (z) . (3.10)

Since only the exponential factor in (3.6) depends on the external six dimensional momentum k, the Fourier transform is obtained easily

G^{bJ} (z|τ) = ∑ p,p^′,t_a,t^′_a 1 2 ∂ ∂ν^J_b Z^{p,p′}_{ta,t′a} (ν) | | |_0 3∏ i=1 2π Δ_X [_{p ϕi} p^′ϕ_i ]e^{−z̄z/ΔX} [_{p ϕi} p′ϕi ] . (3.11)

This shows that Δ_X (τ) can be interpreted as the width of a complex three dimensional gaussian distribution for a given value of the modular parameter τ. (This is consistent with the observations in [47, 48, 49] that wavefunctions of the gravitational wave states are gaussians of widths specified by the orbifold twist.) The existence of the Fourier transform requires that Δ_X (τ) > 0 for all τ in the fundamental domain F. According to equation (3.11) the contributions to the profile of the tadpole depend on the boundary conditions corresponding to the distinct sectors of the orbifolding. This gives a measure to what extent the states of these different sectors are localized near the fixed point of the orbifold C^3 /Z_3. As this information is encoded in the functions Δ_X [_{p ϕi} p^′ϕ_i ] , their computation in section 4 is of central importance.

The integrated tadpole. While the central theme of this work is the local structure of tadpoles, we would like to make a couple of comments about the global properties. The first all, at the zero mode level the gauge field tadpole vanishes trivially, since for a constant gauge field background the field strength (3.10) is identically zero. However, the function multiplying the internal field strength F^{bJ}_{jj} = ∂_j A^{bJ}_j − ∂_j A^{bJ}_j in that expression can be integrated over the full orbifold ∫ C^3 /Z_3

d^6z G^{bJ}_j (z) = 1 3 ∫ F d^2τ τ^2_2 1 2 ∂ ∂ν^J_b Z(ν|τ) | | |_0 . (3.12)

This result follows immediately, since (3.11) contains properly normalized gaussian distributions. In addition, the arguments presented in ref. [17] lead us to expect that this integrated tadpole is proportional to the zero mode D-term. Using the method of computing the integral over the fundamental domain of a holomorphic function of τ explained in ref. [50], it follows that only the massless string modes contribute.^1 This means that the integrated tadpole is proportional to the sum of U(1) charges of these zero modes. We will use this as a cross check of our results for the local tadpoles in section 5. In this sense our calculations are a direct extension of the results of Atick et al. [7].

1Unfortunately, as the local tadpole (3.11) is not holomorphic in τ because it depends on ΔX (τ, τ̄), such powerful complex function techniques cannot be applied to our local results.

– 8 –

4. The twisted propagator

In the previous section we found that the twisted propagators can be interpreted as the width of gaussians in momentum or coordinate space characterizing the profiles of the gauge field tadpoles. Therefore, it is important to determine them explicitly for the orbifold C^3 /Z_3. Since for this Z_3 orbifold we can choose ϕ = (ϕ_i) = (1, 1, −2)/3, the three functions Δ_X [_{p ϕi} p^′ϕ_i ] for i = 1, 2, 3 are the same; this reflects the rotational symmetry of this orbifold.

(This paper specifically focus on the Z_3 orbifold, however, the method of determining the relevant twisted propagators can easily be extended to Z_N orbifolds.)

The correlator of a boson with non-trivial boundary conditions (A.11), with α = p/3, β = p^′/3 and p, p^′ ∈ {0, 1, 2} and not both, zero reads

Δ̃_X [_{p/3} p^′/3 ] (σ|τ) = − 1 2π ∑ m,n 2τ_2 |τ(m + p/3) + n + p^′/3|^2 Φ [_{m+p/3} n +p^′/3 ] (−σ|ρ) . (4.1)

Using he mode functions Φ [_α β ] given in (A.1) (A.11) we can write the formal series expansion for this correlator as

Δ̃_X [_{p/3} p^′/3 ] (σ|τ) = − 3^2 2π ∑ m,n 2τ_2 exp { −2πi^{σ′(τ̄ (3m+p)+3n+p′)−σ̄′(τ (3m+p)+3n+p′)} τ̄ −τ } |τ(3m + p) + 3n + p^′|^2

, (4.2)

where we have reparameterized σ = 3σ^′. We define the projector

δ_3(m) = 1 3 2∑ k=0 e^{2πi km/3} = { 1, m = 0 mod 3 , 0, m ≠ 0 mod 3 ,

(4.3)

and obtain

Δ̃_X [_{p/3} p^′/3 ] (σ|τ) = − 3^2 2π ′∑ m^′,n^′ δ_3(m^′−p)δ_3(n^′−p^′)

2τ_2 exp { -2πi^{σ′(τ̄ m′+n′)−σ̄′(τ m′+n′)} τ̄ −τ } |τm^′ + n^′|^2 . (4.4)

The restriction of the sum without (m^′, n^′) = (0, 0), denoted by the prime on the sum, is consistent by virtue of the assumption that p and p^′ are not both zero modulo three. By inserting the definition (4.3) of the projectors the sums over m^′, n^′ can be cast in the form of the untwisted correlator (A.17). We find the twisted propagators can be written as sums over untwisted propagators

Δ̃_X [_{p/3} p^′/3 ] (σ|τ) = 2∑ k,l=0 e^{−2πi(pk+p′l)/3} Δ̃ ( σ + k − lτ 3 | |τ ) . (4.5)

The correlators in the zero separation limit with all singular terms removed are denoted by Δ without the tilde. For all (k, l) ≠ 0 the limit σ → 0 does not lead to any singularity and can be taken readily. This leaves the case k = l = 0, but this one is determined in (A.20). Therefore the expectation value the twisted propagator at zero separation is given by

Δ_X [_{p/3} p^′/3 ] (τ) = ∑ (k,l)≠0 e^{−2πi(pk+p′l)/3} Δ̃ (k − τl 3 | | |τ ) − ln(2τ_2) + c̃ . (4.6)

– 9 –

The constant c̃ denotes the normal ordering constant for the untwisted propagator. For all normal ordered twisted propagators Δ [_{p/3} p^′/3 ] the dependence on the constant c̃ is the same.

Not all propagators for p, p^′ = 0, 1, 2 are independent: Using the projector (4.3) and the definition (4.1) in the σ → 0 limit it follows immediately that

Δ_X [_{p/3+1} p^′/3 ] (τ) = Δ_X [_{p/3} p^′/3+1 ] (τ) = Δ_X [_{−p/3} −p^′/3 ] (τ) = ( Δ_X [_{p/3} p^′/3 ] (τ) )_∗ = Δ_X [_{p/3} p^′/3 ] (τ) . (4.7) Using (4.7) and the definition of the projector (4.3) we obtain

Δ_X [_{p/3} p^′/3 ] (τ) = (3δ_3(p) − 1)Δ̃ ( 1 3 |τ ) + (3δ_3(p^′) − 1)Δ̃ (τ 3 |τ ) + (3δ_3(p + p^′) − 1) × ×Δ̃ ( τ − 1 3 |τ ) + (3δ_3(p − p^′) − 1)Δ̃ ( τ + 1 3 |τ ) − ln(2τ_2) + c̃ . (4.8)

The term ln(2τ_2) drops out of this expression all together, using the expression for the untwisted propagator (A.19).

The full string amplitude is defined by an integral over the fundamental domain. As the fundamental domain is symmetric under τ_1 → −τ_1, it is important to know how the twisted propagators transform under this reflection. A straightforward analysis gives

Δ_X [_{p/3} p^′/3 ] (−τ_1, τ_2) = Δ_X [-_{p/3} p^′/3 ] (τ_1, τ_2) = Δ_X [_{p/3} -p^′/3 ] (τ_1, τ_2) . (4.9)

This shows that the twisted correlators with p = 0 or q = 0 are even under τ_1 → −τ_1. From this discussion we conclude that there are four different propagators:

Δ_u(τ) = Δ_X

[_0 1/3 ] (τ) = Δ_X

[_0 -1/3 ] (τ) , Δ_t(τ) = Δ_X [_{1/3} 0 ] (τ) = Δ_X

[-_{1/3} 0 ] (τ) , Δ_{d+} (τ) = Δ_X [_{1/3} 1/3 ] (τ) = Δ_X

[-_{1/3} -1/3 ] (τ) , Δ_{d−} (τ) = Δ_X

[_{1/3} -1/3 ] (τ) = Δ_X

[-_{1/3} 1/3 ] (τ) , (4.10)

which we will use to characterize the sectors they come from: untwisted (u), twisted (t) and double twisted (d_±). It will be convenient to sometimes interpret these symbols u, t and d_± as set of point (p, p^′): u = {(0,^1_3 ), (0,^2_3 )}, t = {(^1_3 , 0), (^2_3 , 0)}, d_+ = {(^1_3 ,^1_3 ), (^2_3 ,^2_3 )}, and d_− = {(^2_3 ,^1_3 ), (^1_3 ,^2_3 )}. The double twisted states have non-trivial periodicity conditions around both cycles of the world sheet torus. Using the classification we can write the expression for the tadpole profile as

G^{bJ}_j (k_6) = ∫ F d^2τ τ^2_2 ∑ s=u,t,d_± Q^{bJ}_s e^{−Δs(τ )kiki} , Q^{bJ}_s = ∑ (p,p^′)∈s ∑ t_a,t^′_a 1 2 ∂ ∂ν^J_b Z^{p,p′}_{ta,t′a} (ν) | | |_0 .

(4.11) Because the fundamental domain is invariant under τ_1 → −τ_1, the contributions of the sectors d_+ and d_− to the full integral are the same, since from (4.9) it follows that Δ_{d+} (−τ_1, τ_2) = Δ_{d−} (τ_1, τ_2) .

Another important thing we learn from this expression is that one has to require that all propagators Δ_s(τ) > 0 for all τ ∈ F: If there were to be a region of the fundamental domain F in which a propagator would be negative, it implies that the momentum profile

– 10 – function grows as a positive power of exp(k_ik_i), which is physically unacceptable because the Fourier transform to coordinate space does not exist. It can be shown that Δ_{d±} (τ) takes the smallest value of all propagators at the two end points of the fundamental domain τ_± = (∓1+ √ 3 i)/2. This condition leads to a lower bound on the normal ordering constant:

c̃ ≥ c̃_0 = ln | | | ϑ^2_1(^{τ+−1}_3 |τ_+)ϑ^′_1(0|τ_+) ϑ_1(^{τ++1}_3 |τ_+)ϑ_1(^{τ+}_3 |τ_+)ϑ_1(^1_3 |τ_+) | | | 2 . (4.12)

in terms of τ_− a similar expression can be given. We will argue in our next paper [20], which focusses more on the phenomenological aspects of the tadpoles, that the saturation of the bound might be preferred.

5. Model specific analysis

We also note that this normal ordering constant is a consequence of the (naive) procedure that we have used to extend the string amplitudes off-shell. To find a consistent definition of off-shell vertex operators is a complicated issue which requires further study, and is therefore beyond the scope of the present paper.

Our analysis has been essentially model independent up to this point. However, as has been investigated at length using field theory methods [17, 51] the local tadpoles associated with (anomalous) U(1)’s depend very sensitively upon the particular model examined. In table 1 we have summarized the five possible C^3 /Z_3 models within the heterotic E_8 × E_8^′ string theory by giving their defining gauge shifts v_a and the unbroken gauge group in the effective four dimensional field theory of string zero modes. These gauge shifts are uniquely defined up to E_8 × E_8^′ root lattice shifts and Weyl reflections, which lead to complex conjugation of states in the string spectrum. From the field theory analysis we know that the only possible anomalous U(1) generators are q_b = ∑ J v^J_b H^J_b where v^J_b is the gauge shift and H^J_b is an element of the Cartan subalgebra of the gauge group. In table 1 have given the traces of q_b of the untwisted and twisted zero modes. In string theory we probe the trace of these charges by calculating the expectation value of q_b = ∑ J v^J_b V^{bJ}_j .

All the classifying gauge shifts of table 1 can be represented as v = 1 3 ( 1^{2r1} -2^{r21} 0^{8−2r1 −r21} | | 1^{2r12} -2^{r2} 0^{8−2r12 −r2} ) , (5.1)

for some integers r^a_b . This shift fulfills the constraints (2.8) when r^1 + r^1_2 = r^2_1 + r^2. We apply a similar short-hand notation for products of r^a_b theta functions, and write ϑ [^α′ ] (ν^{rab} |τ) = ∏ I∈r^a_b ϑ [^α′ ] (ν^I_b |τ) , (5.2)

identifying the index r^a_b with the corresponding set of 1’s and −2’s. Similarly, 8 − 2r^1_b − r^2_b denotes the set of 0’s. With this notation and the periodicities of the characteristics of the

– 11 – model gauge shift gauge group U(1) trace

(v^I_1 | v^I_2 ) G (q_1, q_2)_{un} (q_1, q_2)_{tw}

E_8^1_3 ( 0^8 | 0^8 ) E_8 × E_8^′

E_6^1_3 ( -2, 1^2, 0^5 | 0^8 ) E_6 ×SU(3) × E_8^′

E_6^{2 1}_3 ( -2, 1^2, 0^5 | -2, 1^2, 0^5 ) E_6 ×SU(3) × E_6^′ ×SU(3)^′

E_7^1_3 ( 0, 1^2, 0^5 | -2, 0^7 ) E_7 ×U(1) × SO(14)^′ ×U(1)^′ (6, 2) (10, -2)

SU(9)^1_3 ( -2, 1^4 , 0^3 | -2, 0^7 ) SU(9) × SO(14)^′ ×U(1)^′ (0, 2) (0, 6)

Table 1: The defining gauge shifs (v_1|v_2) and the resulting unbroken zero mode gauge groups are displayed for the five Z_3 orbifold models. The last two columns give the zero mode traces of the generators q_b over the untwisted (un) and twisted (tw) sectors, when applicable.

theta functions (B.3), the holomorphic partition function (2.11) reads

Z^{p,p′}_{ta,t′a} (ν|τ) = −1 2π η̂^{p,p′}_{ta,t′a} ∏ a ϑ [_{1−ta} 2 −^a_3 1−t′a 2 −^{p′}_3 ] (ν^{2r1a+r2a} |τ)ϑ [_{1−ta} 2 1−t′a 2 ] (ν^{8−2r1a−r2a} |τ) η(τ)^{15}ϑ

[_1

2 −^p_3 1 2 −^{p′}_3

]_3 (0|τ) . (5.3)

with the modified phase factor η̂^{p,p′}_{ta,t′a} = η̃^{p,p′}_{ta,t′a} exp ( 2πip^′ [∑ a r^2_a(^{1−ta}_2 −^p_3 ) +^p_3 −^1_2 ]) . The expectation value of this charge q_b can be conveniently computed in any particular sector as the derivative of the character-valued holomorphic partition function (2.11). This takes the form of the twisted fermionic correlator (A.10) Q_b|^{p,p′}_{ta,t′a} (τ)Z^{p,p′}_{tb ,t′b} (τ) = ∑ J v^J_b ∂ ∂ν^J_b Z^{p,p′}_{ta,t′a} (ν|τ) | |_0

= 2(r^1_b − r^2_b ) ∂ ∂ν ln ϑ [_{1−ta} 2 −^p_3 1−t′a 2 −^{p′}_3 ] (ν|τ) | | |_0Z^{p,p′}_{ta,t}′_a (0|τ) , (5.4) using the holomorphic partition function in the form (5.3).

Non-anomalous models. From the expression (5.4) we immediately conclude that the E_8, E_6 and E_6^2 models, defined by the gauge shifts given in table 1, do not have any local (and therefore integrated) tadpoles in string theory, because they have the special property that r^1_a = r^2_a for both a = 1 and 2. This is quite a remarkable result since this is not only a statement concerning the zero modes (from a four or ten dimensional point of view) of the string theory, but is exact and based entirely on the gauge shifts, not on any particular property of the amplitudes themselves. This gives a direct string confirmation of the field theory results presented in ref. [17] based on the zero mode spectrum only. Of course, one could argue that this was to be expected since the four dimensional gauge groups do not contain any U(1) factors, and certainly not any anomalous U(1). By contrast, it should be noted that, even though SU(9) is also a non-abelian group, we cannot use the same string argument to show that the trace of the U(1) generator for this group vanishes, since table 1 shows that r^1_a ≠ r^2_a.

– 12 – model charge u-sector t-sector d_+-sector d_−-sector SU(9) Q^1_s(τ) 0 0 0 0

Q^2_s(τ) 2 2 2 2

E_7 Q^1_s(τ) 3 + . . .^1_9 q^{− 1}3 +^5_3 + . . .^1_9 e^{i 4π}3 q^{− 1}3 +^5_3 + . . .^1_9 e^{i 2π}3 q^{− 1}3 +^5_3 + . . .

Q^2_s(τ) 2 + . . .^2_9 q^{− 1}3 −^2_3 + . . .^2_9 e^{i 4π}3 q^{− 1}3 −^2_3 + . . .^2_9 e^{i 2π}3 q^{− 1}3 −^2_3 + . . .

Table 2: The charges Q^b_s(τ) as functions of q = exp(2πi τ) for the two anomalous models are displayed for the four different sectors u, t, d_+ and d_− defined in section 4. The results for the SU(9) model are exact, while for the E_7 model the dots indicates that all massive string states are neglected here. The tachyonic contribution within the various twisted sectors (t, d_±) cancel among themselves.

Anomalous models. Next we move to the models that have an anomalous U(1) in their zero mode matter spectrum. To determine which states contribute to the local tadpoles at one loop, it is convenient to derive power series expansions of the functions Q_s(τ) in q = exp(2πi τ). The masses of the relevant states are encoded as the power of q in these expansions. In particular, a negative power signals that tachyons give non-vanishing effects. In table 2 we only quote the leading order results; they already give an interesting insight in the contributing states, as we now discuss in detail for both anomalous models individually.

We begin with the situation in the SU(9) model. The absence of the dots is meant to indicate that results for the expressions for Q_s(τ) for the various sectors s are exact. Since there are only constants present, only massless string modes contribute to the gauge field tadpole. This suggests for this model the effective field theory approach, describing only the zero modes accounts for all contributions. Moreover, since the zero mode gauge group is SU(9) × SO(14)^′ ×U(1)^′ and only zero modes contribute, it comes as no surprise that the traces of Q^1_s vanish for all sector s separately. The traces of Q^2_s are equal for all four sectors. Moreover, the sum of charges of the untwisted sector (un = u) and the twisted sectors (tw = t, d_+ and d_−) are equal to 2 and 6, respectively (see table 2), which agrees with results obtained in ref. [17, 51] quoted in the last two columns of table 1.

These results of the SU(9) model are in sharp contrast to the situation in the E_7 model as the bottom part of table 2 demonstrates. Their only similarity is that the E_7 model also passes the cross check that the sums of the zero mode charges of tables 1 and 2 agree. But in addition to the zero modes, whole towers of massive string states contribute to the gauge field tadpoles as the dots indicate. However, it can be shown that for the integrated tadpole, which simply sums up the contributions of all sectors, these massive excitations cancel out. More surprisingly, there are also tachyonic contributions to the different twisted sectors. It is not difficult to see from the table that also they cancel among themselves when one considers the integrated gauge field tadpole.

The situation in the E_7 model may be summarized as follows: At the four dimensional zero mode level, only the first U(1), generated by q_1, is anomalous. But locally we see that, because the various sectors have different profiles over the internal dimensions, both U(1)

– 13 – are anomalous and both tachyonic and massive states contribute to them. The conventional effective field theory description of this model is able to make the distinction between the momentum profiles due to the massless untwisted and the twisted states. Field theory does not determines its own spectrum, therefore it lacks the ability to predict the extra contributions of tachyonic (and massive string) states. In our next paper we will investigate how important of these massive and tachyonic states are for the final profile of the tadpoles.

In closing this section, we would like to remark that we have also computed the local tadpole in the SO(32) string. In this case the standard embedding (v = (1^2, -2, 0^{13}/3)) gives rise to an anomalous U(1) generated by q = w_I H^1_I with w = (1^3, 0^{13})/3. The properties of the local gauge field tadpole are very similar to the SU(9) model of the E_8 × E_8^′ string: Also for the SO(32) string we found that only the zero modes have non-vanishing profiles over the extra dimensions. The integrated tadpole gives results consistent with the results quoted in ref. [7]

6. Conclusions

We have computed local gauge field tadpoles in heterotic E_8 × E_8^′ strings on the noncompact orbifold C^3 /Z_3. This calculation confirms recent field theoretical calculation of such tadpoles, but at the same time extends these results in various interesting and surprising directions. In detail, our findings are the following:

The shape of these tadpoles are governed by the propagators of the twisted coordinate fields on the string world sheet: Their expectation values ⟨X^iX^i⟩(τ) determine the widths of gaussian momentum distributions on the orbifold. The propagators can be classified according to their orbifold boundary conditions; the corresponding sectors give rise to gaussian distributions of various widths. The momentum distribution of the total tadpole is obtained by integrating these gaussians over the fundamental domain of the Teichmüller parameter of the one loop world sheet torus. This means that the tadpole in coordinate space is not a simple gaussian distribution, but a sum of gaussians weighted by the respective partition functions and this sum is integrated over the fundamental domain.

The propagators for the twisted coordinate fields X^i and X^i at zero separation are determined up to a single universal normal ordering constant associated with the subtraction of the logarithmic singularity of the untwisted correlators at zero separation. Conventional wisdom suggests that this normal ordering constant should be irrelevant as it drops out of on-shell string amplitudes. However, since the gauge field tadpole is necessarily an off-shell quantity, the final expression does depend on this normal ordering constant. Moreover, if this constant becomes too small, the coordinate space expression for the tadpole becomes ill-defined. This determines a lower bound for the value of this normal ordering constant.

We found that all eight bosonic propagators for the different twist sectors on the torus world sheet can be expressed in terms of four fundamental correlators that have different dependence on the modular parameter τ. This implies that both four dimensional untwisted and twisted sectors have distinct non-trivial profiles over the extra dimensions. In the field theory discussion of string orbifold models one usually assumes that the twisted sector states live exactly at the orbifold fixed points. Our calculation suggests that this

– 14 – is an approximation insensitive to string physics in which the twisted states are spread out around the orbifold singularity. One of the objectives of our follow-up paper [20] is to investigate just how crude the conventional field theory approximation really is; this leads some suggestions how fixed point states could be treated in field theoretical models.

Finally, we have investigated which states contribute in the different sectors to the momentum or coordinate profiles of the gauge field tadpoles. The anomalous Z_3 model containing the gauge group SU(9) complies with the expectation that only the zero modes participate. However, quite surprisingly, we found that for the other anomalous model massive and even tachyonic string states contribute. We emphasize that this is not in contradiction with previous results in the literature for the zero mode D-term: We have verified that on-shell, which for a tadpole means that k_i = 0, the contributions from all tachyonic and massive states vanish. However, for generic k_i ≠ 0 the effects of these states do not entirely cancel out when the four orbifold sectors are combined. In our next paper we explore the significance of these contributions further numerically.

Acknowledgments

We would like to thank O. Lechtenfeld, R. Myers, A.N. Schellekens and M. Walter for useful discussions during various stages of this project. We are also grateful to M. Serone for helping us resolve a problem with modular invariance in a previous version of the manuscript. The work of S.G.N. was supported partly by DOE grant DE-FG02-94ER- 40823. The work of M.L. was partially supported by NSERC Canada. S.G.N. would like to thank the University of British Columbia for their hospitality during which this project got started. M.L. would like to thank the University of Minnesota for their hospitality during part of the preparation of this work.

A. World sheet torus theories

In this appendix we collect some results concerning fermionic and bosonic conformal field theories on the torus world sheet. Most results are well-known, but for completeness and to fix our notations and conventions we review them here. More pedagogical discussions can be found in ref. [52]–[57]. Many of the properties of conformal field theories can be conveniently encoded by theta and related functions. We have summarized their properties in our conventions in appendix B.

The complex world sheet world sheet torus coordinate σ satisfies the periodicities σ ∼ σ + 1 and σ ∼ σ + τ, where τ = τ_1 + iτ_2 is the modular parameter labeling conformally distinct tori. The volume of the torus is ∫ d^2σ = 2 τ_2. We define the functions Φ [_α β ] (σ, σ̄|τ) = exp ( 2πi (τα + β)σ̄ − (τ̄ α + β)σ τ̄ − τ ) , (A.1)

that have the following periodicity properties on the world sheet torus Φ [_α β ] (σ + 1) = e^{−2πi α} Φ [_α β ] (σ) , Φ [_α β ] (σ + τ) = e^{+2πi β} Φ [_α β ] (σ) , (A.2)

– 15 –

Here we have suppressed part of the arguments of these functions for brevity. Under modular transformations we have the transformations Φ [_α β ] (σ|τ + 1) = Φ [_α β+α ] (σ|τ) , Φ [_α β ] ( σ τ | | -1 τ ) = Φ [_{+β} −α ] (σ|τ) . (A.3)

A.1 Complex fermion Let λ be a complex fermion on the world sheet torus which obeys the boundary conditions

λ(σ + 1) = e^{−2πi α} λ(σ) , λ(σ + τ) = e^{+2πi β} λ(σ) , (A.4)

and the complex conjugate boundary conditions for λ̄. The mode expansion for λ can be expressed using (A.1) and (A.2) as λ(σ) = ∑ m,n Φ [_{m+α} n +β ] (σ) c^m_n , (A.5)

where the sum is over all integers m, n ∈ Z. The (quantized) harmonic oscillators are denoted by c^m_n . One can define free left-moving (holomorphic) theory for these boundaries by the actions S_λ [_α β ] (μ|τ) = −1 2π ∫ d^2σ ( λ̄ ¯∂ λ + 2πi τ̄ − τ μ λ̄λ ) = ∑ m,n [ τ(m + α) + n + β + μ ] c̄^{−m}_{−n} c^m_n . (A.6)

Here we have introduced a source term μ, for later convenience. We note that because the spectrum of the right-moving (anti-holomorphic) theories (with S_ψ) is conjugate to the spectrum of the left-moving theory, we need only give the expressions for the holomorphic theory (S_λ) here. The (character valued) partition function [58] is given in terms of the theta function (B.1) and the Dedekind η-function (B.6) by

Z_λ [_α β ] (μ|τ) = e^{2πi α} (_τ 2 α+β+μ−^1_2 ) ∫ ∏ m,n dc^m_n dc̄^{−m}_{−n} e^{−Sλ}[^{αβ} ]^{(μ|τ )} = ϑ [_1 2 −α 1 2 −β ] (μ|τ) η(τ) . (A.7)

This result is obtained by discarding (infinite) constant factors, ζ-function regularization techniques [54] and the product expansion of the theta function ϑ [_α β ] given in (B.2). The phase factor in front of the path integral has been chosen such that the final result can be written in terms of the theta function with characteristics^1_2 − α and^1_2 − β.

Using standard field theory techniques the propagator (for μ = 0) can be determined

Δ̃_λ [^α_β ] (σ|τ) = − ∑ m,n Φ [_{m+α} n +β ] (−σ|τ) τ(m + α) + n + β = − ϑ^′_1(0|τ) ϑ

[_1 2 −α 1 2 −β ] (σ|τ) ϑ_1(σ|τ) ϑ [_1 2 −α 1 2 −β ] (0|τ) . (A.8)

As usual the propagator only depends on the relative world-sheet separation. We use the notation Δ̃ to denote two-point correlation functions at non-vanishing separation σ. The conformally normal ordered expression of the propagator is defined by [55, 56]

Δ_λ [_α β ] (τ) = lim_{σ→0} ⟨λ̄(σ)λ(0)⟩ [_α β ] (τ) + 1 σ , (A.9)

– 16 – in the limit of zero separation σ → 0. Using the theta function expression for the propagator (A.8), this becomes

Δ_λ [_α β ] (τ) = − ϑ [_1 2 −α 1 2 −β ]_′ (0|τ) ϑ [_1 2 −α 1 2 −β ] (0|τ) = − ∂ ∂μ ln Z_λ [_α β ] (μ|τ) | | |_{μ=0} . (A.10)

The second expression gives an alternative way to derive this expectation value, using the character valued partition function (A.7).

A.2 Complex boson

We consider a complex boson X on the string world sheet with boundary conditions

X(σ + 1) = e^{−2πi α}X(σ) , X(σ + τ) = e^{+2πi β}X(σ) . (A.11)

As for the fermions, the mode expansion is X(σ) = ∑ m,n Φ [_{m+α} n +β ] (σ) a^m_n , (A.12)

and the dynamics of the boson are described by the free action S_X [_α β ] (τ) = −1 2π ∫ d^2σ ( ∂X̄ ¯∂ X + ¯∂X̄ ∂X ) = 2π ∑ m,n |τ(m + α) + n + β|^2 2τ_2 ā^{−m}_{−n} a^m_n . (A.13) The resulting partition function takes the form Z_X [_α β ] (τ) = | |e2πi {_1

2 α^2τ +α(β−^1_2 ) }| |^2 ∫ ∏ m,n da^m_n dā^{−m}_{−n} e^{−SX} [^{αβ} ]^{(τ )} = | |η(τ) | |^2 | |ϑ [_1 2 −α 1 2 −β ] (0|τ) | |^2 . (A.14) Here we have used the same phase factor as in (A.7). As for the fermions, the formal expression for the propagator reads

Δ̃_X [^α_β ] (σ|τ) = − 1 2π ∑ m,n 2τ_2 |τ(m + α) + n + β|^2 Φ [_{m+α} n +β ] (−σ|ρ) . (A.15)

For any of the boundary conditions (which we do not write explicitly here) one can derive that ∫ DX e^{ik X̄(σ)+il ¯∂X̄(σ)+ik̄ X(σ′ )+il̄ ¯∂X(σ′ )} = e^{−k̄k Δ̃X +kl̄ ¯∂Δ̃X −k̄l ¯∂Δ̃X +l̄l ¯∂ ¯∂Δ̃X} (σ^′ − σ) (A.16) for arbitrary k, k̄, l and l̄.

The properties of the twisted propagators are of central importance to our work, and are, therefore, discussed in section 4 of our main discussion. As these propagators can be

– 17 – expressed in terms of the untwisted bosonic propagator, with α = β = 0, we review its properties in this appendix. The formal series expansion of the untwisted propagator reads

Δ̃(σ|τ) = − 1 2π ′∑ m,n 2τ_2 |τm + n|^2 Φ [^m_n ] (−σ|τ) , (A.17)

where the prime on the sum indicates that the sum is over all integers with (m, n) ≠ (0, 0). It follows that the regularized correlator is a solution of ¯∂∂ Δ̃(σ|τ) = 2π ( δ^2(σ) + 1 2τ_2 ) , (A.18)

which is required to be modular invariant and periodic. Here we have chosen the same normalization for the bosonic propagator as for the fermionic propagator with respect to the delta function δ^2(σ) in the defining differential equation (A.9). This correlator can be expressed in terms of theta functions as Δ̃(σ|τ) = − ln G̃(σ|τ) , G̃(σ|τ) = 2τ_2 e^{−2π σ} 2 2 τ2 | | | ϑ_1(σ|τ) ϑ^′_1(0|τ) | | | 2 . (A.19)

Notice that this fixes Δ̃ up to an additive constant. (Fortunately, for the determination of the twisted propagator this undetermined constant is irrelevant, see section 4.) Finally, the normal ordered untwisted propagator at zero separation is given by

Δ(τ) = lim_{σ→0}⟨: X̄(σ)X(0) :⟩

[_0 0 ] (τ) = Δ̃(σ|τ) + ln |σ|^2 + c̃ = − ln(2τ_2) + c̃ , (A.20)

with c̃ a normal ordering constant.

B. Theta functions

The genus one theta function is defined by ϑ [_α β ] (σ|τ) = ∑ n∈Z q^{12 (n−α)2} e^{2πi (σ−β)(n−α)} , q = e^{2πi τ} . (B.1)

In a product representation it takes the form: ϑ [_α β ] (σ|τ) = e^{−2πiα(σ−β)} q^{12 α2} ∏ n≥1 { ( 1 − q^n ) ∏ s=± ( 1 + e^{2πis(σ−β)} q^{n− 12 −sα} ) } . (B.2)

The arguments of the theta functions are periodic in the sense that ϑ [_{α+1} β ] (σ|τ) = ϑ [_α β ] (σ|τ) , ϑ [_α β+1 ] (σ|τ) = e^{2πi α} ϑ [_α β ] (σ|τ) . (B.3)

Modular transformations have the following effect on the theta functions ϑ [_α β ] (σ|τ + 1) = e^{−πi α(α+1)} ϑ [_α β+α+^1_2 ] (σ|τ) ,

– 18 – ϑ [_α β ] ( σ τ | | -1 τ ) = √ −iτ e^{2πi} {_{σ2} 2τ +αβ } ϑ [_{+β} −α ] (σ|τ) . (B.4)

The periodicities of the theta functions read ϑ [_α β ] (σ + 1|τ) = e^{−2πi α} ϑ [_α β ] (σ|τ) , ϑ [_α β ] (σ + τ|τ) = e^{2πi (β−σ− 12 τ )} ϑ [_α β ] (σ|τ) . (B.5)

An often used notation is ϑ_1 = ϑ [_{1/2} 1/2 ] , ϑ_2 = ϑ [_{1/2} 0 ] , ϑ_3 = ϑ

[_0 0 ] , and ϑ_4 = ϑ

[_0 1/2 ] . Another important modular function is the Dedekind η-function

η(τ) = q^{124} ∏ n≥1 ( 1 − q^n ) , ϑ^′_1(0|τ) = 2π ( η(τ) )_3 , (B.6)

where the prime^′ denotes differentiation by the first argument of ϑ_1. The modular transformation properties of the Dedekind function take the form

η(τ + 1) = e^{2πi 124} η(τ) , η ( −1 τ ) = √ −iτη(τ) . (B.7) The Riemann’s identity reads ∑ s,s^′=0,1 e^{−πi ss′} 3∏ i=0 ϑ [_1

2 −α_i−^s_2 1 2 −β_i−^{s′}_2 ] (μ_i) = 2 3∏ i=0 ϑ [_1

2 +α_i 1 2 +β_i ] (μ̃_i) = 2 3∏ i=0 ϑ [_1 2 −α_i 1 2 −β_i ] (−μ̃_i) , (B.8)

with μ̃_i =^1_2 ∑ k μ_k − μ_i and^1_2 ∑ i α_i =^1_2 ∑ i β_i = 0 mod 1.

References

[1] L.J. Dixon, J.A. Harvey, C. Vafa and E. Witten, Strings on orbifolds, Nucl. Phys. B 261 (1985) 678.

[2] L.J. Dixon, J.A. Harvey, C. Vafa and E. Witten, Strings on orbifolds. 2, Nucl. Phys. B 274 (1986) 285.

[3] L.J. Dixon, D. Friedan, E.J. Martinec and S.H. Shenker, The conformal field theory of orbifolds, Nucl. Phys. B 282 (1987) 13.

[4] P. Fayet and J. Iliopoulos, Spontaneously broken supergauge symmetries and goldstone spinors, Phys. Lett. B 51 (1974) 461.

[5] W. Fischler, H.P. Nilles, J. Polchinski, S. Raby and L. Susskind, Vanishing renormalization of the D term in supersymmetric U(1) theories, Phys. Rev. Lett. 47 (1981) 757.

[6] M. Dine, N. Seiberg and E. Witten, Fayet-Iliopoulos terms in string theory, Nucl. Phys. B 289 (1987) 589.

[7] J.J. Atick, L.J. Dixon and A. Sen, String calculation of Fayet-Iliopoulos D terms in arbitrary supersymmetric compactifications, Nucl. Phys. B 292 (1987) 109.

[8] M. Dine, I. Ichinose and N. Seiberg, F terms and D terms in string theory, Nucl. Phys. B 293 (1987) 253.

[9] E. Poppitz, On the one loop Fayet-Iliopoulos term in chiral four dimensional type-I orbifolds, Nucl. Phys. B 542 (1999) 31 [hep-th/9810010].

– 19 –

[10] D.M. Ghilencea, S. Groot Nibbelink and H.P. Nilles, Gauge corrections and FI-term in 5D KK theories, Nucl. Phys. B 619 (2001) 385 [hep-th/0108184].

[11] R. Barbieri, L.J. Hall and Y. Nomura, A constrained standard model: effects of Fayet-Iliopoulos terms, hep-ph/0110102.

[12] C.A. Scrucca, M. Serone, L. Silvestrini and F. Zwirner, Anomalies in orbifold field theories, Phys. Lett. B 525 (2002) 169 [hep-th/0110073].

[13] S. Groot Nibbelink, H.P. Nilles and M. Olechowski, Spontaneous localization of bulk matter fields, Phys. Lett. B 536 (2002) 270 [hep-th/0203055].

[14] S. Groot Nibbelink, H.P. Nilles and M. Olechowski, Instabilities of bulk fields and anomalies on orbifolds, Nucl. Phys. B 640 (2002) 171 [hep-th/0205012].

[15] G. von Gersdorff, N. Irges and M. Quiros, Radiative brane-mass terms in D > 5 orbifold gauge theories, Phys. Lett. B 551 (2003) 351 [hep-ph/0210134].

[16] C. Csáki, C. Grojean and H. Murayama, Standard model Higgs from higher dimensional gauge fields, Phys. Rev. D 67 (2003) 085012 [hep-ph/0210133].

[17] S. Groot Nibbelink, H.P. Nilles, M. Olechowski and M.G.A. Walter, Localized tadpoles of anomalous heterotic U(1)’s, Nucl. Phys. B 665 (2003) 236 [hep-th/0303101].

[18] R. Barbieri, R. Contino, P. Creminelli, R. Rattazzi and C.A. Scrucca, Anomalies, Fayet-Iliopoulos terms and the consistency of orbifold field theories, Phys. Rev. D 66 (2002) 024025 [hep-th/0203039].

[19] D. Marti and A. Pomarol, Fayet-Iliopoulos terms in 5d theories and their phenomenological implications, Phys. Rev. D 66 (2002) 125005 [hep-ph/0205034].

[20] S. Groot Nibbelink and M. Laidlaw, Stringy profiles of gauge field tadpoles near orbifold singularities, II. Field theoretical implications, hep-th/0311015.

[21] T. Kobayashi and H. Nakano, *Anomalous* U(1) symmetry in orbifold string models, Nucl.

Phys. B 496 (1997) 103 [hep-th/9612066].

[22] S. Gukov, S. Kachru, X. Liu and L. McAllister, Heterotic moduli stabilization with fractional Chern-Simons invariants, hep-th/0310159.

[23] A.G. Cohen, G.W. Moore, P. Nelson and J. Polchinski, Semi off-shell string amplitudes, Nucl. Phys. B 281 (1987) 127.

[24] S. Samuel, Off-shell conformal field theory, Nucl. Phys. B 308 (1988) 317. [25] S. Samuel, Covariant off-shell string amplitudes, Nucl. Phys. B 308 (1988) 285. [26] O. Lechtenfeld and S. Samuel, Covariant off-shell string amplitudes with auxiliary fields, Nucl. Phys. B 308 (1988) 361.

[27] A. Ukegawa, Off-shell amplitudes with physical fields, auxiliary fields and Faddeev-Popov ghost fields in covariantized light cone string field theory, Phys. Lett. B 261 (1991) 391.

[28] E. Witten, Some computations in background independent off-shell string theory, Phys. Rev.

D 47 (1993) 3405 [hep-th/9210065].

[29] K. Li and E. Witten, Role of short distance behavior in off-shell open string field theory, Phys. Rev. D 48 (1993) 853 [hep-th/9303067].

– 20 –

[30] Z. Bern, D.A. Kosower and K. Roland, Consistent off-shell string amplitudes, Nucl. Phys. B 334 (1990) 309.

[31] P. Di Vecchia, L. Magnea, A. Lerda, R. Russo and R. Marotta, String techniques for the calculation of renormalization constants in field theory, Nucl. Phys. B 469 (1996) 235 [hep-th/9601143].

[32] A. Belopolsky and B. Zwiebach, Off-shell closed string amplitudes: towards a computation of the tachyon potential, Nucl. Phys. B 442 (1995) 494 [hep-th/9409015].

[33] I. Ellwood, J. Shelton and W. Taylor, Tadpoles and closed string backgrounds in open string field theory, J. High Energy Phys. 07 (2003) 059 [hep-th/0304259].

[34] A. Adams, J. Polchinski and E. Silverstein, Don’t panic! Closed string tachyons in ale space-times, J. High Energy Phys. 10 (2001) 029 [hep-th/0108075].

[35] F. Cuomo et al., Off-shell tachyon amplitudes: analyticity and projective invariance, Mod.

Phys. Lett. A 16 (2001) 1035 [hep-th/0011071].

[36] F. Gliozzi, J. Scherk and D.I. Olive, Supersymmetry, supergravity theories and the dual spinor model, Nucl. Phys. B 122 (1977) 253.

[37] N. Seiberg and E. Witten, Spin structures in string theory, Nucl. Phys. B 276 (1986) 272. [38] I. Senda and A. Sugamoto, New orbifold model and modular transformation, Phys. Lett. B 211 (1988) 308.

[39] I. Senda and A. Sugamoto, Orbifold models and modular transformation, Nucl. Phys. B 302 (1988) 291.

[40] C.A. Scrucca and M. Serone, A novel class of string models with Scherk-Schwarz supersymmetry breaking, J. High Energy Phys. 10 (2001) 017 [hep-th/0107159].

[41] H. Kawai, D.C. Lewellen and S.H.H. Tye, Classification of closed fermionic string models, Phys. Rev. D 34 (1986) 3794.

[42] H. Kawai, D.C. Lewellen and S.H.H. Tye, Construction of fermionic string models in four-dimensions, Nucl. Phys. B 288 (1987) 1.

[43] J.A. Minahan, One loop amplitudes on orbifolds and the renormalization of coupling constants, Nucl. Phys. B 298 (1988) 36.

[44] I. Antoniadis and C. Bachas, 4D fermionic superstrings with arbitrary twists, Nucl. Phys. B 298 (1988) 586.

[45] C. Vafa, Modular invariance and discrete torsion on orbifolds, Nucl. Phys. B 273 (1986) 592. [46] L.E. Ibáñez, J. Mas, H.-P. Nilles and F. Quevedo, Heterotic strings in symmetric and asymmetric orbifold backgrounds, Nucl. Phys. B 301 (1988) 157.

[47] E. Kiritsis and C. Kounnas, String propagation in gravitational wave backgrounds, Phys. Lett.

B 320 (1994) 264 [hep-th/9310202].

[48] E. Kiritsis, C. Kounnas and D. Lüst, Superstring gravitational wave backgrounds with space-time supersymmetry, Phys. Lett. B 331 (1994) 321 [hep-th/9404114].

[49] G. D’Appollonio and E. Kiritsis, String interactions in gravitational wave backgrounds, Nucl.

Phys. B 674 (2003) 80 [hep-th/0305081].

– 21 –

[50] W. Lerche, B.E.W. Nilsson, A.N. Schellekens and N.P. Warner, Anomaly cancelling terms from the elliptic genus, Nucl. Phys. B 299 (1988) 91.

[51] F. Gmeiner, S. Groot Nibbelink, H.P. Nilles, M. Olechowski and M.G.A. Walter, Localized anomalies in heterotic orbifolds, Nucl. Phys. B 648 (2003) 35 [hep-th/0208146].

[52] M. Green, J. Schwarz, and E. Witten, Superstring theory vol. 1: Introduction. Cambridge University Press, Cambridge 1987.

[53] M.B. Green, J.H. Schwarz, and E. Witten, Superstring theory vol. 2: Loop amplitudes, anomalies and phenomenology, Cambridge University Press, Cambridge 1987.

[54] P. Ginsparg, Applied conformal field theory, hep-th/9108028. [55] J. Polchinski, String theory vol. 1: An introduction to the bosonic string, Cambridge University Press, Cambridge 1998.

[56] J. Polchinski, String theory vol. 2: Superstring theory and beyond, Cambridge Univesity Press, Cambridg 1998.

[57] E. Kiritsis, Introduction to superstring theory, hep-th/9709062.

[58] A.N. Schellekens and N.P. Warner, Anomalies, characters and strings, Nucl. Phys. B 287 (1987) 317.

– 22 –